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Abstract 

    In continuum-based models, the kinetic theory of granular flow (KTGF) provides a model for 

calculating solids stresses but has limitations in densely packed regions such as mills, kilns and 

rotating drums. The Eulerian-Eulerian multiphase model coupled with KTGF is evaluated in the 

present work. An additional frictional stress models were added, and their suitability evaluated. For 

the evaluation, a rotating drum at three rotational speeds (20 rpm, 42 rpm and 65 rpm) was analyzed. 

Compared with Positron Emission Particle Tracking (PEPT) measurement data from literature, 

Johnson and Jackson’s model and Schaeffer’s model for the frictional stress both showed a lower 

angle of repose regardless of the wall boundary condition used. Thus, a new frictional viscosity model 

based on granular pressure was proposed. By adjusting the specularity coefficient of wall boundary 

condition, results of the present model agreed well with the PEPT measurements in terms of angle of 

repose and spatial velocity fields. In addition, considering that the actual Johnson and Jackson model 

for boundary condition includes two parts, collisional and frictional part, a discussion was made about 

boundary condition. The results showed that the validation of the proposed frictional viscosity model 

with experimental results could be completed at different rotational speeds by considering only the 

collisional part of the boundary condition with different specularity coefficients or only the frictional 

part of the boundary condition with different angles of friction or both parts with the same specularity 



coefficient and angle of friction. Nevertheless, when the complete Johnson and Jackson model of 

boundary condition was applied, the same specularity coefficient and angle of friction are used at 

different rotational speeds which is more physically meaningful. Moreover, it is found that the 

frictional contribution has greater influence on dynamic angle of repose than collisional contribution 

of the boundary condition in the current rotating drum. 

Keywords: rotating drum; frictional viscosity; wall boundary condition; computational fluid 

dynamics (CFD); Eulerian-Eulerian model 

 

1. Introduction 

    Rotating drums are widely used as rotary kilns, dryers, mixers, reactors and granulators in various 

industrial processes such as mineral, chemical, food and pharmaceutical process. The performance of 

rotating drum depends on a number of design and operating parameters and the flow regimes of the 

particles inside drums are classified as slipping, slumping, rolling, cascading, cataracting and 

centrifuging with increasing rotational speed of rotating drums [1, 2]. Due to the practicability and 

complexity, rotating drums have attracted numerous research studies, but the mechanism of solid flow 

behavior inside rotating drums is not completely understood. 

    Experimental and numerical methods have been applied to study solid flow behavior in rotating 

drums. Although several advanced experimental techniques, like Magnetic Resonance Imaging (MRI), 

Positron Emission Topography (PET) and Positron Emission Particle Tracking (PEPT), can be used in 

the experiment, the sizes of drums and the scale of observation are limited [3-5]. Numerical methods 

provide an effective and cost-saving alternative way to study solid flow behavior in rotating drums. 

The two common numerical methods are Discrete Element Method (DEM) and Eulerian-Eulerian 

model. DEM resolves the solid motion and interaction at the particle-scale level which means the 

trajectory of each particle is calculated considering the forces acting on it [6]. The DEM provides 

detailed information about particles at the expense of high computational cost especially for large 

number of particles. Continuum Eulerian-Eulerian modelling based on the computational fluid 

dynamics (CFD) and the kinetic theory of granular flow is an alternative direction and it requires less 

computational cost in comparison and is preferred for large scale granular flow modelling [7].  



    In the Eulerian-Eulerian model, gas and particles are treated as interpenetrating continua and the 

granular flows are modeled as continuous fluid flows. The granular interactions are commonly 

modelled based on the kinetic theory of granular flow (KTGF). KTGF is a well-defined model but is 

limited to dilute systems that assume instantaneous binary collisions [8]. However, KTGF is found to 

be used in several papers to study dense flows in rotating drums [9-14]. Santos et al [9, 10] 

investigated hydrodynamic behavior in a rotating drum by experimental and numerical method. By 

using the kinetic model, the numerical results agreed well with the experimental observations.  Based 

on Santos’ work, Machado et al [12] also presented a numerical investigation using Eulerian-Eulerian 

model with KTGF of the particle dynamic flow in a rotary drum with one flight. It was observed that 

particle flow behavior was represented well in the flight at the rolling regime with appropriate 

specularity coefficient and restitution coefficient.  Moreover, Santos et al [11] and He et al [14] 

analyzed the segregation phenomenon in rotary drums using Eulerian-Eulerian model with KTGF. 

However, when the concentration of particles is high, instead of instantaneous collisions, the contact 

between the particles is long-lasting and the particles slide over each other [15].  Therefore, frictional 

viscosity was added to the solid viscosity in KTGF by other works [1-2, 15-19]. Delele et al [1] 

applied Schaeffer’s model to consider the frictional viscosity in the multiphase CFD model. The 

accuracy of the model was checked based on the results of particle velocity, dynamic repose angle and 

active layer thickness, etc. Schaeffer’s model was also applied in the work of Benedito et al [16]. 

They investigated the capability of CFD simulations in treating non-spherical particle dynamics in a 

rotating drum. The results showed that frictional viscosity was important for irregular particles 

modelling in a rotating drum. Similarly, in the work of Demagh et al [17], the calculation of frictional 

viscosity was based on Schaeffer’s expression. But the Johnson and Jackson model was used for 

frictional pressure. This model was validated with experimental data. On the other hand, KTGF model 

with frictional viscosity cannot predict the dense granular flow patterns in rotating drums in the 

research studies of Huang et al [18, 19].  A dynamic angle of repose fitting method and a granular bed 

surface fitting method were proposed successively to approach the granular kinetic viscosity of the 

particles. Using the modified granular kinetic viscosity model, the predicted dynamic angle of repose 

was in good agreement with the experiment observation. 



    Based on the literature review, there is no consistency for the multiphase CFD model used for 

dense flow in rotating drums. Furthermore, modifications of KTGF-Eulerian approach can be done by 

developing new relations of the collisional-kinetic stress tensor and the frictional stress tensor in the 

constitutive Navier-Stokes equation [20]. 

    When Eulerian-Eulerian model coupling with KTGF is used for modelling flows in rotating drums, 

implementation of appropriate boundary conditions is also critical to the prediction of flow pattern. It 

was demonstrated that wall friction significantly influence the flow performance [21]. In the literature, 

the commonly used wall boundary conditions for gas is no-slip, but for solids is no-slip, partial-slip or 

free-slip depending on the actual situation [1, 9-11]. The no-slip boundary condition is set by equating 

the tangential and normal velocities of the solid at wall to zero [12]. The partial-slip and free-slip 

boundary condition are implemented by Johnson and Jackson model which considers the tangential 

solids shear stress at a flat frictional wall. The shear stress on the boundary is the sum of collisional 

and frictional contributions [20]. Johnson and Jackson incorporated friction into the boundary 

condition in a heuristic way by considering a boundary at which some particles collide and the rest 

slide [22]. The momentum and energy transfer due to the colliding particles was characterized by a 

coefficient of specularity, and that of the sliding particles was determined by Coulomb friction. 

However, in most published research, only the collisional contribution was considered in rotating 

drums [12, 19, 23] or in other applications [24-32] by specifying a specularity coefficient.  Since 

direct experimental measurement is not feasible for specularity coefficient, it was obtained by 

adjusting the value to fit some experimental data, which is very time-consuming, and the fit will have 

narrow applicability [33]. Thus, some researchers have considered that the specularity coefficient 

could be interpreted as a function of particle properties and interactions. Li et al [22] suggested an 

analytical expression for the specularity coefficient for a flat, frictional surface with a low frictional 

coefficient. The specularity coefficient was interpreted as a function of the particle-wall restitution 

coefficient, the frictional coefficient and the normalized slip velocity at the wall. Inspired by Li et al, 

Zhao et al [34] developed a model for specularity coefficient which was based on measurable particle 

properties and the data of Louge [35]. The model was tested for a granular Couette flow, a spouted 

bed and a circulating fluidized bed riser. The friction coefficient between particle and wall was found 



to play a crucial role in the model. 

    Although the flow field is very sensitive to the choice of boundary condition, only a few attempts 

have taken frictional contribution into account. Haghgoo et al [36] examined the complete Johnson 

and Jackson model and another two models (Jenkins-Louge model and the model of Schneiderbauer 

et al) to assess their abilities to predict the dynamics of a dense gas-particle flow inside a three-

dimensional bubbling bed. Their study demonstrated that the flows predicted by the three models of 

boundary condition were structurally similar. Li et al [22] mentioned frictional stress in the 

description of Johnson and Jackson model, but no detailed analysis was found in their work.  

    Generally, frictional stress comes into play only at high solids concentration, usually about 0.5 [22]. 

This is the reason why the frictional viscosity or frictional contribution in boundary condition were 

neglected in much open published research. However, in the current work, a prediction model was 

developed based on the available experimental measurements and DEM results, so it is easy to know 

that the volume fraction of solid is higher than 0.5 in most areas in rotating drums [5, 36-37]. As a 

result, Eulerian-Eulerian model coupled with KTGF was used to study the dense flow in the rotating 

drum with the consideration of frictional viscosity and frictional contribution in boundary condition. 

Firstly, Schaeffer’s model and Johnson and Jackson model of the granular frictional viscosity were 

tested with only collisional boundary condition being considered. Then a frictional viscosity model 

based on granular pressure was proposed. By using the proposed model with the same boundary 

condition, the numerical results agreed well with experiment results. Finally, the Johnson and Jackson 

model for boundary condition was further analyzed. A comparison was made between collisional and 

frictional contributions to the boundary condition. 

2. Material and methods 

   The Eulerian-Eulerian model considers the gas and solid as continuous and fully interpenetrating. 

Both phases are described by a set of fundamental and constitutive equations solved in a Eulerian 

frame of reference. 

2.1 Conservation mass and momentum equations and drag model  

   The continuity equations for gas phase and solid phase are as follows: 



�
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�
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where � is the volume faction, � is the density, kg/m3 and �� is the velocity vector, m/s. The subscripts  

� and	� represent solid phase and gas phase, respectively. The volume fractions of the gas and solid 

phases satisfy the following relationship: 

�� + ��=1                                                                   (3) 

    The equations of momentum balance for gas phase and solid phase are given by: 

�
�� ��������� + ∇ ∙ ������������ = −��∇� + ∇ ∙ �̿� + ������ + ������� − ����                   (4) 

�
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where �,  � , and	�� are the pressure (Pa) shared by all phases, gravity acceleration (m/s-2) and solid 

pressure (Pa), respectively. ��� is the interphase momentum exchange coefficient and the last terms in 

Eqs. (4) and (5) are the momentum exchanged between gas and solid phase. In this work, only drag 

force is considered and it is determined based on the model developed by Gidaspow which a 

combination of the Wen and Yu model and the Ergun equation [17]. �̿ is the stress-strain tensor. In the 

Newtonian form,	�̿� and �̿� are written as: 

�̿� = ���∇��� + ∇����� − �
� ���∇ ∙ ����  ̿                                            (6) 

�̿� = ���!�∇��� + ∇����� + �� "#� − �
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where    ̿, � and  # are the unit tensor, viscosity (kgm-1s-1) and bulk viscosity (kgm-1s-1), respectively. 

The solid pressure, viscosity and bulk viscosity can be obtained from KTGF, as discussed below. 

2.2 Kinetic theory of granular flow 

    The solids stress tensor contains shear and bulk viscosities arising from particle momentum 

exchange due to translation and collision. A frictional component of viscosity can also be included to 

account for the viscous-plastic transition that occurs when the volume fraction of solid phase reaches 

the packing limit. The collisional and kinetic parts, and the optional frictional part are added to give 

the solids shear viscosity [38]: 
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    The collisional part of the shear viscosity is modeled as [39]: 
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    The expression of kinetic viscosity is from Gidaspow et al. [39]: 
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    The solid bulk viscosity, which represents the resistance to compression of the solid phase, is 

calculated by [40]: 
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where 0�  is the particle diameter (m), �1  is the radial distribution function at contact, 3�  is the 

coefficient of restitution for particle collisions and ΘC  is the granular temperature (m2/s2). The 

granular temperature is proportional to the kinetic energy of the fluctuating particle motion: 

Θ� = 9
� D�D�                                                              (12) 

where D� is the fluctuating solids velocity in the Cartesian coordinate system (m/s). 

    The transport equation of the granular temperature derived from kinetic theory takes the form [41]: 

�
� � �

�� �����Θ�� + ∇ ∙ ��������Θ��� = �−�� ̿ + �̿��: ∇��� + ∇ ∙ �F45∇Θ�� − G45 + H��          (13) 

where F45 , G45 and  H�� are the diffusion coefficient, the collisional dissipation of energy and the 

energy exchange between the gas and solid phase, respectively. Three terms are given in the following 

[39, 42]: 
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H�� = −3Κ��Θ�                                                     (16) 

    The solid pressure represents the normal forces caused by collisions between particles: 

�� = ����Θ� + 2������1Θ��1 + 3��                                            (17) 

    The radial distribution function at contact, �1,	is a correction factor that modifies the probability of 



collisions between particles when the solid granular phase becomes dense. In the current paper, �1 is 

calculated by [43]: 

�1 = 9
9PQ R5R5,STUV

7 WX                                                        (18) 

where ��,YZ[ is the packing limit. 

2.3 Frictional stress model 

    A commonly used model of frictional viscosity in dense flow is determined by Schaeffer [43]: 

��,,- = \5�*+]
�<^8_                                                               (19) 

where ̀  is the angle of internal friction.  �a is the second invariant of the deviator of the strain rate 

tensor [15]. 

    In dense flow where the secondary volume fraction for a solid phase nears the packing limit, the 

generation of stress is mainly due to friction between particles. The frictional stress is usually written 

in Newtonian form [44]: 

��,,- = −��,,- ̿ + ��,,-"∇��� + ∇����$                                           (20) 

where ��,,- is the frictional stress, Pa. 

    The frictional stress is added to the stress predicted by the kinetic theory when the solids volume 

fraction exceeds a critical value, �� > ��,Y*+. 

�� = ��,)*+ + ��,,-                                                             (21) 

 �� = ��,)*+ + ��,,-                                                            (22) 

    A semi-empirical equation was proposed by Johnson and Jackson for the frictional stress [20]:  

��,,- = cd �e5Pe5,Sfg�g
�e5,STUPe5�h                                                  (23) 

 where cd , i and � are empirical material constants. ��,Y*+  is the critical value. Different critical 

value was used in papers [9] and some authors did not mention about the magnitude of the critical 

value when they applied the concept [14, 17-18]. In the current paper, ��,Y*+ is set 0.5. 

    The frictional viscosity is then related to the frictional stress by the linear law proposed by 

Coulomb [45]: 



��,,- = \5,jk�*+]
�<^8_                                                         (24) 

     

    It was found that Schaeffer’s model and Johnson and Jackson’s model cannot satisfactorily predict 

the dense flow in the current rotating drum. In dense flow at low shear, where the secondary volume 

fraction for a solid phase nears the packing limit, the generation of stress is mainly due to friction 

between particles. From Eq. (18), it can be seen that the radial distribution function tends to infinity as 

the volume fraction tends to the packing limit. Granular pressure calculated based on Eq. (17) has 

similar trend. Thus, it would then be possible to use the granular pressure directly in the calculation of 

the frictional viscosity [38]. Accordingly, a new frictional viscosity model was proposed: 

  ��,,- = F ∙ ��                                                              (25) 

where F is coefficient with unit of s in the current work and the value of F will be discussed in 

Chapter 3.1. 

2.3 Boundary conditions and numerical solution 

    There are two methods that can be used in Fluent for inputting drum movement, mesh motion and 

moving wall. In the present work, mesh motion is used because it is not possible to set speularity 

coefficient from the boundary condition due to numerical inconsistency (two different speed values at 

the same cell) when using moving wall [16].  

    The Johnson and Jackson model for wall boundary condition is as follows [20, 47-48]: 

��� = − 6
> √3H e5

e5,STU ���1<Θ�mnn��o − p,qris                              (26) 

where H is the specularity coefficient. mnn��o is the relative velocity between the wall and particles in 

contact with it, m/s. p, is normal frictional component of stress, Pa. s is angle of friction between the 

wall and the pariculate material, ⸰ . The first and second terms in the right side of Eq. (26) represent 

the stress acting on the boundary due to particle-wall collision and friction, respectively [47]. As 

mentioned before, in most published research, only the first term was taken into account. One of the 

reasons could be that the specularity coefficient is easily to set in the boundary condition using Fluent. 

So, at the beginning of this work, the specularity coefficient has been adjusted for different rotational 

speeds to fit experimental data like other work did. Then, the collisional part of the boundary 



condition was reproduced by using udf (user-defined function) code in the form of shear stress. Once 

the reproduction was achieved, the frictional part was not difficult to add in the boundary condition 

equation in the code. Based on this method, the compelte Johnson and Jackson boundary condtion 

was applied and analyzed.  

    Simulation conditions for the rotating drum were based on the experimental configuration in 

Parker’s work [5]. A horizontal rotating drum with diameter of 100 mm was simulated. The drum was 

approximately 35 % filled by mono-sized glass spheres with diameter of 3 mm. The drum rotates 

around its axis at a rotation speed from 20 to 65 rpm. The detailed parameters are depicted in Table 1. 

Restitution coefficient of particle is specified as 0.9 considering that experimental measurement is 

hard to implement and 0.9 is commonly used in similar researches [9, 12, 15, 17-19]. The simulations 

were carried out in a 2D rotating drum using the CFD code (Fluent 19.0). The mesh size was 5 mm 

after conducting a mesh sensitivity study as seen in Fig. 1. The initial volume fraction of solid was 0.6 

and the packing limit was 0.63. The SIMPLE algorithm was used for pressure-velocity coupling and 

the equations were discretized using a second order upwind scheme. A fixed time-step of 0.001s was 

used and the convergence criterion between two interactions was set to 1 × 10P�. To get the average 

results, 6 revolutions have been done for the rotating drum and the corresponding calculation times 

are 6s, 8.6s and 18s for 20 rpm, 42 rpm and 65 rpm, respectively. 

3. Results and discussion 

3.1 Test configuration 

    In this paper, frictional viscosity and wall boundary condition were two main aspects considered in 

the numerical model. As mentioned above in Chapter 2.3, three models of granular frictional viscosity 

were involved, and two parts of the boundary condition were analyzed at different rotational speeds. 

All the model configurations are summarized in Table 2. Firstly, different models of granular 

frictional viscosity were compared using the same boundary condition which means only collisional 

part was considered. The corresponding cases are case 01 to case 05. When the proposed model of 

frictional viscosity was used, the k in Eq. (25) was determined by a trial-and-error method. From the 

experimental results, it can be found that most particles in the rotating drum were in contact with each 

other, so frictional viscosity of solid phase should always exist. Inspired by the Johnson and Jackson 



model of frictional stress, Fwas divided into two parts with solid volume fraction of 0.6 as the 

boundary. A relatively smaller value was guessed for the volume fraction of solid phase lower than 

0.6 and a higher value was guessed for denser part. This trial-and-error procedure was repeated until 

the predicted numerical results agreed well with experimental observation in terms of dynamic angle 

of repose and spatial velocity fields. The F used in the current work was 0.35 s, 0.4 s and 0.5 s for 

volume fraction of the solid phase lower than 0.6 at the rotational speeds of 20 rpm, 42 rpm and 65 

rpm respectively, and 0.2 s for volume fraction of the solid phase higher than 0.6 at all rotational 

speeds simulated. 

    Then, the Johnson and Jackson model for boundary condition was deeply analyzed by adjusting the 

specularity coefficient and the angle of friction which corresponds to cases 05 to 09. In order to 

ensure comparability, the values of F used in cases 06 to 09 were the same as that used in case 05. In 

the actual simulation process, the specularity coefficient ranged from 0.01 to 1. But for simplification, 

only representative values are shown in Table 2. The angle of friction assumed when considering the 

frictional contribution in boundary condition was based on the measurement data of similar particles 

in the work of Huang et al. [18].  

3.2 Model validation 

3.2.1 Schaeffer’s model for frictional viscosity 

    The comparison between experimental measurements and numerical results by Schaeffer’s model is 

shown in Fig. 2 and Fig. 3. The grey lines in Fig. 2 (a) and (b) marked the magnitude of experimental 

dynamic angle of repose. In addition, the numerical dynamic angle of repose is defined by the bed 

surface at the solids volume fraction of 0.3 (approximately half air and half densely packed solid in a 

cell) [18]. It can be seen that higher specularity coefficient results in higher average tangential 

velocity and higher dynamic angle of repose. With specularity coefficient of 0.15, the averaged 

tangential velocity along the radius at 30° to the vertical is close to the experiment results expect for 

the velocity near the wall. However, the corresponding dynamic angle of repose is much lower than 

that of the experiment. With a higher specularity of 0.9, the numerical dynamic angle of repose is 

close to the experiment results. But there is an evident difference between numerical and experimental 

velocity. As depicted in Fig. 3, the prediction of flow pattern using Schaeffer’s model is different with 



that in the experiment. The flow pattern in the experiment showed a flat bed surface (without a curve), 

however, in the numerical results, the bed surface is not flat and evident toe regions occurred. A 

similar phenomenon was mentioned in Santos’ work [9]. Therefore, using Schaeffer’s model for 

frictional viscosity calculation is not suitable for the current work. Since the flow patterns are similar 

at different rotational speeds, the results of the simulation at 20 rpm and 42 rpm will not be shown in 

the paper.  

3.2.2 Johnson and Jackson model for frictional viscosity 

    Similarly, the predicted results of the rotating drum at 65 rpm using the Johnson and Jackson model 

for frictional viscosity are illustrated in Fig. 4 and Fig. 5. With specularity coefficient of 0.15, the 

wall shear stress is too small to lift the solid. With specularity coefficient of 0.9, the bed surface is 

curved, and the dynamic angle of repose is hard to define. The averaged tangential velocity along the 

radius at 30° to the vertical is close to the experiment results, but a discrepancy occurs in active region 

which is defined in the paper of the experiment [5]. Additionally, evident toe regions occurred in 

numerical results like the result of Schaeffer’s model as depicted in Fig. 5. Therefore, the Johnson and 

Jackson model for frictional viscosity is not suitable for the current work either.  

3.2.3 Proposed model for frictional viscosity 

    In Fig. 6, a good prediction of experimental results was made by the proposed model with 

appropriate specularity coefficients at different rotational speeds, but the tangential velocity near the 

bed surface is larger than that of measurements. The same feature can also be found in the results of 

DEM [36], so the deviation may be caused by numerical reasons. It is worth noting that with the 

increasing of rotational speed, the required specularity coefficient decreased. In order to gain insight 

into current analysis results, a comparison is made with a previous study. In the work of Machado et 

al [12], the same specularity coefficient was used for different rotational speeds. Nevertheless, the 

averaged of the deviations between numerical and experimental results for solids holdup in the flights 

were different at different rotational speeds: 9.5% for the rotational speed of 21.3 rpm and 15.4% for 

the rotational speed of 36.1 rpm. Therefore, in both works, it seems like when only collisional part of 

the boundary condition was considered, the required specularity coefficient changes with rotational 

speed. However, specularity coefficient is defined to be the average fraction of relative tangential 



momentum transferred in a particle-boundary collision and its value depends on the large-scale 

roughness of the surface. For the same particle movement in the same rotating drum, the specularity 

coefficient should be a constant at different rotational speeds. Accordingly, although the prediction 

using the proposed model with only considering collisional part of boundary condition is good, the 

boundary condition application is not physically meaningful. A possible explanation is that the 

specularity coefficient used in the calculation is higher than the practical value, so it leads to a proper 

wall shear stress by coincidence. Thus, an analysis of the wall boundary condition needs to be made. 

3.3 Analysis of wall boundary condition 

    When the frictional contribution in boundary condition is considered, the key parameter is the angle 

of friction. In the current situation, the angle of friction was hard to determine. Based on the 

measurement data of similar particles in the work of Huang et al. [18], the angle of friction was 

assumed in the range of 28.2°-32°. Considering that the angle of friction is the angle between the 

surface and the particulate material, the same constant angle should be reasonable for different 

rotational speeds. Then different combinations of the angle of friction and specularity coefficient of 

the rotating drum at 20 rpm, 42 rpm and 65 rpm were tested. It turned out that when the angle of 

friction was 30° and the specularity coefficient was 0.015, the prediction using the proposed model at 

three different rotational speeds were good as shown in Fig. 7.  

    The proposed model agreed well with experimental observations by using only collisional part of 

boundary condition with different specularity coefficients or both collisional and frictional part of 

boundary condition with the same parameters. Based on this phenomenon, it was guessed that the 

proposed model could be used to predict the experimental results by using only frictional part of 

boundary condition with different angles of friction. It was very interesting that the guess was verified 

as shown in Fig. 8. Additionally, the velocity field of the rotating drum with all three kinds of 

boundary conditions are depicted in Fig. 9. The flow patterns are very similar. Based on the 

comparisons of experimental measurements with the numerical results of case 05 to case 07, the 

proposed model with three different boundary conditions can achieve almost the same prediction. On 

one hand, the current results supply an explanation for the previous work in which using only 

collisional part of boundary condition can predict experiment results well. On the other hand, the 



frictional and collisional part of boundary condition may have quantitative relationship which needs to 

be further studied in the future work. 

    Additionally, case 08 and case 09 were made by using the frictional and collisional part of the 

boundary condition in case 06, respectively. Experimental and numerical averaged dynamic angle of 

repose of case 05 to case 09 are shown in Fig. 10. When only frictional boundary condition was 

considered with the same angle of friction of 30°, the dynamic angles of repose are higher than those 

of considering only collisional boundary condition with the same specularity coefficient of 0.015. 

Therefore, for the solid flow in the current case, the frictional contribution is more than collisional 

contribution in the wall boundary condition.  

4. Conclusions 

     A Eulerian-Eulerian model coupled to the kinetic theory of granular flow is usually used to study 

dilute flows.  For dense flows, the model can still be used if appropriate frictional viscosity model is 

taken into account. In the current work, a friction viscosity model based on granular pressure was 

proposed to study the dense granular flows in a rotating drum. Additionally, the Johnson and Jackson 

model used for wall boundary condition was discussed.  

    The simulation results were compared with experimental results in terms of angle of repose and 

spatial velocity fields. Using the proposed frictional viscosity model, the numerical results agreed well 

with the experimental measurements by using different boundary conditions. When only the 

collisional part of boundary condition was used, the appropriate specularity coefficients were 0.35, 

0.25 and 0.15 for rotating drums at 20 rpm, 42 rpm and 65 rpm. When only frictional part of boundary 

condition was used, the angles of friction were 35°, 40° and 45° correspondingly. However, when the 

complete Johnson and Jackson model of boundary condition is used, the specularity coefficient and 

angle of friction are same constants (0.015 and 30°) for different rotational speeds which is more 

physically meaningful. Moreover, it is found that the friction contributes more to determine the 

dynamic angle of repose than collision does in the wall boundary condition of the current rotating 

drum. 
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Tables  

Table 1. Parameters in the simulation. 

Parameters Value 
Drum diameter (m) 0.1 

Drum fill level 35% 
Drum rotational speeds (rpm) 20/42/65 

Particle diameter (m) 0.003 
Particle density (kg/m

3
) 2500 

Particle restitution coefficient 0.9 
 



 

Table 2. Different model configurations. 

Case Frictional viscosity model Specularity coefficient 
(for 20/42/65rpm) 

Angle of friction 
(for 20/42/65rpm) 

01 Schaeffer’s model 0.15/0.15/0.15 - 
02 Schaeffer’s model 0.9/0.9/0.9 - 
03 Johnson and Jackson model 0.15/0.15/0.15 - 
04 Johnson and Jackson model 0.9/0.9/0.9 - 
05 Proposed model 0.35/0.25/0.15 - 
06 Proposed model 0.015/0.015/0.015 30°/30°/30° 
07 Proposed model - 35°/40°/45° 
08 Proposed model - 30°/30°/30° 
09 Proposed model 0.015/0.015/0.015 - 

 

 

 



Figures  

Fig.1. grid independence test. 

 

 



Fig.2. Comparison of experimental results with numerical results. (a) dynamic angle of repose of case 

01, (b) dynamic angle of repose of case 02, (c) averaged tangential velocity along the radius at 30° to 

the vertical. 
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Fig.3. Experimental (a) and numerical flow patterns of case 01(b) and case 02 (c) at the rotational 

speeds of 65 rpm. 
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Fig.4. Comparison of experimental results with numerical results. (a) dynamic angle of repose of case 

03, (b) dynamic angle of repose of case 04, (c) averaged tangential velocity along the radius at 30° to 

the vertical. 
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Fig.5. Experimental (a) and numerical flow patterns of case 03 (b) and case 04 (c) at the rotational 

speeds of 65 rpm.  
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Fig.6. Comparison of experimental results with numerical results of case 05. 
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Fig.7. Comparison of experimental results with numerical results of case 06. 
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Fig.8. Comparison of experimental results with numerical results of case 07. 
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Fig.9. Experimental and numerical flow patterns of case 05, case 06 and case 07 at rotational speeds 

of 20 rpm, 42 rpm and 65 rpm from left to right. 
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Fig.10. Experimental and numerical averaged dynamic angle of repose. 

 

                  

 

 



Highlights 

1. A frictional viscosity model based on granular pressure was proposed. 

2. Johnson and Jackson model for boundary condition was analyzed. 

3. Friction has greater impact on dynamic angle of repose than collision in the wall.  

 


